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In this paper, we use the characteristic function, i.e., the Fourier transform of the Glauber-
Sudarshan phase-space distribution, to determine the degree of nonclassicality of a given state.
This degree of nonclassicality quantifies the nonclassicality in terms of quantum superpositions. We
demonstrate two ways to exactly find or to lower-bound the degree of nonclassicality by studying
the properties of the characteristic functions. The developed criteria are applied to two examples
of squeezed states undergoing a classical mixing or a nonclassical superposition with vacuum.
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I. INTRODUCTION.
The quantum superposition principle leads to observa-
tions that are incompatible with classical physics. These
quantum phenomena include, for example, sub-Poisson
photon-number statistics [1] or quadrature variances be-
low the vacuum level [2]. The general nonclassicality of a
single-mode light field is defined in terms of the Glauber-
Sudarshan P function [3–6]. However, this definition only
separates classical (coherent states and classical statisti-
cal mixtures of them) and nonclassical states, without
quantifying the amount of nonclassicality.
There are several ways to quantify the nonclassicality.
One possible measure is the distance (based on the trace
norm) between the state under study and the closest clas-
sical state, which was introduced by Hillery [7]. It was
shown to be, in general, not computable due to an infinite
number of parameters to be optimized [8]. Recently, this
measure was generalized for multimode states and cal-
culated for some finite-dimensional examples [9]. Other
distance-based nonclassicality measures are described in
Refs. [10–13]. However, such approaches to quantify the
nonclassicality are ambiguous as they strongly depend on
the chosen norms or metrics defining the distances [14].
Another quantifier of nonclassicality is based on the
convolution of the P function with the amount of ther-
mal noise needed to get a non-negative phase-space func-
tion [15]. In fact, Lee’s so-called nonclassical depth ba-
sically determines the robustness of a nonclassical state
against thermal noise. The connections between such
a robustness and negativity-based entanglement mono-
tones have also been studied [16]. It is noteworthy that
the nonclassical depth can be discontinuous when the
quantum state undergoes tiny changes [17]. Another non-
classicality measure is based on negativities of the Wigner
function [18]. However, negativities of the Wigner func-
tion do not appear for all nonclassical states. For ex-
ample, squeezed states are nonclassical, but they have a
positive Gaussian Wigner function.
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Other measures are based on the entanglement poten-
tial of nonclassical states [8], making use of the con-
nection between single-mode nonclassicality and bipar-
tite entanglement [19–21]. However, such an approach
maps the problem of quantifying nonclassicality to the at
least equally cumbersome problem of quantifying entan-
glement. For example, from the two suggested measures
in Ref. [8], the first one solely addresses the partial trans-
positions and the second one requires an optimization
over all two-mode separable states. Recently, a specific
nonclassicality measure for general two-mode Gaussian
states has also been developed [22, 23].
Besides the previously mentioned nonclassicality quan-
tifiers based on distances, robustness or entanglement, a
different, algebraic way to quantify nonclassicality has
been developed [24]. This so-called degree of nonclassi-
cality is based on the fundamental quantum superposi-
tion principle. It quantifies the amount of nonclassical-
ity in terms of the minimal number of coherent states
that are needed to be superimposed in order to represent
the state under study and it is a member of a general
class of algebraic measures, applying to different notions
of nonclassicality [14]. Also, the degree of nonclassical-
ity has the advantage of being directly related [25] to
the quantification of entanglement through the Schmidt
number [26, 27]. Furthermore, a moment-based approach
was introduced to formulate measurable witnesses for the
degree of nonclassicality [28]. Such a witness approach
allows for the experimental verification of the amount of
nonclassicality. More precisely, it ensures the least de-
gree of nonclassicality which can be certified under given
experimental conditions.
In the present article, we formulate an approach to
determine the degree of nonclassicality based on the
Fourier transform of the Glauber-Sudarshan P function,
the characteristic function. As the characteristic function
contains all information about the state, including its de-
gree of nonclassicality, we are elaborating two ways to
construct conditions for determining the degree of non-
classicality. The first way is based on the analysis of
polynomial characteristic functions which allows us to
infer the degree of nonclassicality for a specific class of
states. The second way is related to the application of
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2Bochner’s theorem [29] in quantum optics [30, 31], which
is not limited to a specific class of states.
We organized this work as follows. In Sec. II, we mo-
tivate our choice of the degree of nonclassicality, we give
the definition, and we list some examples. In Sec. III, we
derive our first results for the degree of nonclassicality for
polynomial characteristic functions. Section IV provides
our second method to estimate the degree of nonclassi-
cality for arbitrary states. We summarize the results in
Sec. V.
II. THE DEGREE OF NONCLASSICALITY
A. Motivation
Let us motivate why we use the degree of nonclassical-
ity (DNC) as our figure of merit. The classical electric
field strength can be recovered as the expectation value
of the field operator in a coherent state. The coherent
states carry the same minimal quantum noise as the vac-
uum state. This minimal noise level is necessary to fulfill
the Heisenberg uncertainty relation, resulting from the
noncommutativity of the creation and annihilation oper-
ators. In this sense, the quantum states most similar to a
classical coherent field are the coherent states, which are
often simply denoted as (pure) classical states. As long
as a state under study can be represented as a classical
mixture of coherent states, it is also called classical [3, 4].
If a given quantum state cannot be represented as a clas-
sical mixture of coherent states, it must contain quantum
superpositions of coherent states.
The property of a state either being classical or not
can have only two discrete truth values, “yes” or “no”.
Consequently, even infinitesimal changes of the density
matrix of a given state may switch its property between
classical and nonclassical. Of course, in an experiment,
only significant (with respect to the error bars) changes
of the state can certify transitions between classical and
nonclassical properties.
The fundamental concept underlying the nonclassical-
ity of a quantum states is the quantum superposition
principle. This leads to quantum interference effects
which have no counterpart in classical physics. As quan-
tum superpositions are the origin of nonclassicality, it is
natural to quantify them in terms of the number of quan-
tum superpositions needed to represent a given state.
Similarly to the binary property of being classical or
nonclassical, the property that a state includes a certain
number of quantum superpositions also attains discrete
values. This relates to a larger alphabet of truth values
which can be used for encoding quantum information.
The DNC was introduced in Ref. [24]. More gener-
ally, it was shown that the measure of nonclassicality in
terms of superpositions requires only two properties [14]:
First, the DNC attains the smallest value for classical
states. Second, the DNC does not increase under general
classical operations. As the single-mode nonclassicality
is connected to bipartite entanglement [19–21], such a
link should exist between the corresponding measures. In
fact, the DNC exactly agrees with the Schmidt-number
measure of the entanglement in the output channels when
a nonclassical single-mode state is superimposed with the
vacuum state on a beam splitter [25].
Therefore, the DNC presents a nonclassicality measure
that is based on the fundamental axiom of quantum su-
perposition. It generalizes the binary answers “yes” or
“no” to the question of classicality of a state to discrete
levels of the amount of nonclassicality. Moreover, it has a
unique one-to-one relation to the Schmidt-number mea-
sure of entanglement.
B. Definition and Examples
The Glauber-Sudarshan representation [5, 6] of a
single-mode state ρˆ reads
ρˆ =
∫
d2αP (α)|α〉〈α|, (1)
whereby one also defines the so-called P function. If P is
a classical probability density, the state is called classical.
If there is no such classical representation of the state,
then the state is a nonclassical one. The nonclassicality
of a state stems from the fact that quantum interferences
are needed to describe such a nonclassical state [14]. One
can separate quantum effects and classical statistics by
expanding a state in terms of superpositions of coherent
states,
|Ψr〉 = λ1|α1〉+ · · ·+ λr|αr〉, (2)
with αi 6= αj for i 6= j, and complex values λi 6= 0
for i = 1, . . . , r. The smallest number r providing the
representation of a pure state in the form (2) defines the
DNC of this state [24],
Dncl(|Ψr〉) = r. (3)
For example, any classical coherent state consists of a
single element in the expansion (2) and, therefore, has
the minimal DNC of 1, Dncl(|α〉) = 1.
For mixed states, we define the set Sr being the clo-
sure of the convex combination of all pure states with a
number of superimposed coherent states being less than
or equal to r, Sr = conv{|Ψr′〉〈Ψr′ | : Dncl(|Ψr′〉) 6 r}.
With other words, the DNC of a mixed state ρˆ is the
minimal number r for which this state can be written as
a classical mixture
ρˆ =
∫
dPcl(|Ψr〉)|Ψr〉〈Ψr|, (4)
with a classical probability distribution Pcl over Sr [28].
It also directly follows for states with DNC greater than r
that Pcl can be replaced with a quasiprobability distri-
bution that has negativities. In fact, for r = 1, the lat-
ter reduces to the Glauber-Sudarshan P function. Our
3quantifier of the nonclassicality of a state ρˆ is the mini-
mal number r for which the decomposition in Eq. (4) is
possible,
Dncl(ρˆ) = r, (5)
being equivalent to ρˆ ∈ Sr \ Sr−1.
Let us list some states with known DNC [25]. The
DNC of Fock or photon number states |n〉 reads
Dncl(|n〉) = n+ 1, (6)
and for the displaced squeezed states |ξ;α〉 holds
Dncl(|ξ;α〉) =∞. (7)
These results are helpful and are discussed in the next
sections. It is also worth pointing out that any state can
be expanded in terms of coherent states and has therefore
a well-defined DNC.
III. CHARACTERISTIC FUNCTIONS IN
FINITE SPACES
In this section, we derive a method to determine the
DNC for states with a finite Fock-state expansion. That
is, the characteristic function (CF) is a polynomial. First,
we find the DNC of a finite superposition of Fock states
and for mixtures of such states. Then, we connect poly-
nomial CFs with the finite Fock-state expansion. This
connection yields a method to determine the DNC from
the polynomial CF. Afterwards, we study the influence
of photon addition on the CFs of states with finite Fock-
state expansion. Eventually, we discuss our results in
relation to other nonclassicality quantifiers.
A. Finite superpositions of Fock states
It is well known that states with a finite Fock-state
expansion—excluding the vacuum state—are nonclassi-
cal states. In terms of quantifying nonclassicality, Fock
states themselves obey Eq. (6). The proof of Eq. (6) may
be separated into two parts. First, Dncl(|n〉) 6 n+ 1 can
be shown by representing the state |n〉 as a superposition
of n+ 1 coherent states. Second, Dncl(|n〉) > n+ 1 is re-
quired since the state after beam-splitter transformation
has Schmidt number n+ 1.
In order to derive the DNC of a finite superposition of
Fock states, we need two equations from Ref. [25]. The
first one allows one to represent the Fock state |n〉 as a
superposition of coherent states,
|n〉 = lim
α→0
lim
ε→0
n∑
j=0
√
n!(−1)n−j
j!(n− j)!
e|α+jε|
2/2
εn
|α+ jε〉, (8)
which is a decomposition in terms of n+1 coherent states
|α+ jε〉. The second equation shows the connection be-
tween a single-mode Fock state |n〉 and a two-mode state
with Schmidt rank n+ 1. Combining Fock state |n〉 and
the classical vacuum state |0〉 on a 50:50 beam splitter
(BS) results in the two-mode state
|n〉 ⊗ |0〉 = |n, 0〉 BS7−→ 1
2n/2
n∑
j=0
(
n
j
)1/2
|j, n− j〉, (9)
which has a Schmidt rank of n+ 1. Now, let us consider
the finite superposition of up to m photons,
|ψ〉 =
m∑
n=0
λn|n〉, with λm 6= 0. (10)
Inserting Eq. (8) and rearranging the sums—which can
be done as all sums are finite—we get
|ψ〉 = lim
α→0
lim
ε→0
m∑
j=0
m∑
n=j
λn
√
n!(−1)n−j
j!(n− j)!εn e
|α+jε|2/2|α+ jε〉.
(11)
Thus, maximally m + 1 coherent states are needed to
represent the state |ψ〉, so Dncl(|ψ〉) 6 m+ 1.
We can split this state by a 50:50 beam splitter. This
results in
|ψ, 0〉 BS7−→
m∑
n=0
λn
2n/2
n∑
j=0
(
n
j
)1/2
|j, n− j〉 (12)
=
m∑
j=0
|j〉 ⊗
 m∑
n=j
λn
2n/2
(
n
j
)1/2
|n− j〉
 .
Since λm 6= 0 there are m+ 1 linearly independent states
needed to represent the two-mode state, which implies
a Schmidt number of m + 1. Hence, the DNC of the
one-mode state |ψ〉 must fulfill Dncl(|ψ〉) > m + 1. In
combination with the inequality from the previous para-
graph, Dncl(|ψ〉) 6 m+ 1, we find
Dncl(|ψ〉) = m+ 1. (13)
Thus, we have shown that for any finite superposition of
Fock states in Eq. (10) holds that the highest photon-
number contribution defines the DNC of such states.
We can also generalize this method for finite spaces to
mixed states. Suppose we have a density operator of the
form
ρˆ =
m∑
k,l=0
ρk,l|k〉〈l|, with ρm,m 6= 0. (14)
As this state has a spectral decomposition in terms of
different states |ψs〉 of the form (10) together with
ρˆ =
∑
s
ps|ψs〉〈ψs|, with ps > 0 and
∑
s
ps = 1, (15)
we can conclude from convexity that Dncl(ρˆ) 6 m+ 1.
Moreover, any possible convex decomposition (15) re-
quires that at least one state |ψs〉 has a nonvanishing
4contribution of |m〉. Hence, this |ψs〉 has a DNC of m+1
as we have shown above. From the construction of the
DNC in terms of convex hulls of pure states [Eq. (4)], we
get
Dncl(ρˆ) = m+ 1. (16)
Thus, any pure or mixed state with a finite photon num-
ber has a DNC which is given by m+1, where the highest
contributing photon number is m.
B. Polynomial CFs
The CF Φ(β) is the Fourier transform of the P (α) func-
tion and it can be written as the normal-ordered ex-
pectation value of the displacement operator Dˆ(β) =
exp(βaˆ† − β∗aˆ),
Φ(β) = 〈:Dˆ(β):〉 =
∫
d2αP (α)eβα
∗−β∗α. (17)
Say the characteristic function is a 2m-th order polyno-
mial of β in the form
Φ(β) =
m∑
k,l=0
φk,lβ
kβ∗l. (18)
Note that φk,l = (−1)l〈aˆ†kaˆl〉/(k!l!). The maximal sum
of powers of β and β∗ is referred to as the order of the
polynomial. We may compare this with a Fock matrix
element |k〉〈l| from Eq. (14), having the CF [32]
Φk,l(β) = 〈l|:Dˆ(β):|k〉 =
min{k,l}∑
n=0
√
k!l!βl−n(−β∗)k−n
n!(k − n)!(l − n)! ,
(19)
which is a polynomial of the (k+l)th order. For instance,
the Fock state |m〉 yields a polynomial CF Φm,m(β) =
Lm(|β|2), with the mth Laguerre polynomial Lm. In gen-
eral, the CF is a polynomial of order 2m for states with
a finite Fock expansion (14). Note that in terms of the
P function, this means that P has singularities of the
type of a 2mth derivative of the δ distribution [33]. Con-
versely, any P function with a finite order 2m of deriva-
tives of δ distributions has a CF of the form of Eq. (18).
In summary, nonclassical quantum states with a finite
Fock expansion (14) have a DNC of m + 1 when the
maximally required Fock state is |m〉. If and only if the
state is of this form, the CF is a 2m-th order polynomial.
This result implies the following corollary:
Corollary 1 If the CF is a polynomial of order 2m, then
the state has DNC of m+ 1.
It is worth mentioning that m = 0 describes a vacuum
state—a classical coherent state with a coherent ampli-
tude of zero. Vacuum is described by a minimal DNC
of 1 and a CF that is a constant function. In the contin-
uation of this section, we describe the photon addition as
a nonclassical process [34]. Its impact on the polynomial
CFs is analyzed.
C. Photon addition
Fock states can be regarded as photon-added vacuum
states,
√
n!|n〉 = aˆ†n|0〉. In this case, each operation of
photon creation (also denoted as photon addition) in-
creases the DNC of the state by 1. Considering m itera-
tions of such a process, we get
Dncl(|n+m〉) = Dncl(|n〉) +m. (20)
In this section, we study the influence of photon addition
on arbitrary states in terms of CFs and generalize the
above equation.
For a general density operator, an n-photon-addition
process reads as
ρˆout = N aˆ†nρˆinaˆn, (21)
where N = [tr(aˆ†nρˆinaˆn)]−1 is the normalization con-
stant. Examples of experimental realizations of these
processes are described in Refs. [35–37] and additional
details on the theory can be found in Refs. [34, 38–40].
For a coherent state, we can write
aˆ†n|α〉 = e−|α|2/2∂nαe|α|
2/2|α〉 = e−|α|2/2∂nαeαaˆ
† |0〉. (22)
Writing both the input and the output density oper-
ators in the Glauber-Sudarshan representation, ρˆx =∫
d2αPx(α)|α〉〈α| (x ∈ {in, out}), we find after some al-
gebra the input-output relation for the P functions. That
is, we get from Eq. (22)
ρˆout =N
∫
d2αPin(α)e
−|α|2∂nα∂
n
α∗
[
e|α|
2 |α〉〈α|
]
=
∫
d2αN e|α|2∂nα∂nα∗
[
Pin(α)e
−|α|2
]
|α〉〈α|, (23)
which results in
Pout(α) = N e|α|2∂nα∂nα∗
[
Pin(α)e
−|α|2
]
. (24)
By performing the Fourier transform of the P function,
we find the influence of photon addition on the CF, Φ:
Φout(β) =
∫
d2α eα
∗β−β∗αPout(α)
= N
∫
d2α
[
∂nα∂
n
α∗e
α∗β−β∗α+α∗α
]
Pin(α)e
−|α|2
= N
n∑
k=0
n!2
k!2(n− k)!
×
∫
d2α(β + α)k(−β∗ + α∗)keα∗β−β∗αPin(α)
= N
n∑
k=0
n!2
k!2(n− k)!
×(−|β|2 + β∂β + β∗∂β∗ − ∂β∂β∗)kΦin(β). (25)
Note that the zero-order derivative is defined as the
function itself. Equation (21) indicates that an input
5state with a finite Fock expansion up tom photons results
in an expansion in photon-number states up to m + n.
Analyzing Eq. (25), we see that if the input CF is a 2m-
th order polynomial, then the addition of n photons in-
creases the order of the polynomial by 2n. In conclusion,
we get the following: If the CF Φ(β) of the state ρˆin is a
polynomial of order 2m, then the DNC of an n-photon-
added state is
Dncl(ρˆout) = m+ n+ 1. (26)
This rule is by design applicable to Fock states and their
finite superpositions, which includes all states in finite-
dimensional Hilbert spaces. Infinite-dimensional states ρˆ
with Dncl(ρˆ) = ∞, however, remain infinite dimensional
under photon addition.
For comparison, let us also study the photon subtrac-
tion. The photon annihilation (subtraction),
ρˆout =
aˆρˆinaˆ
†
tr(ρˆinaˆ†aˆ)
, (27)
is known to be a classical operation [24]. Because of
that, it cannot increase the DNC. The state of type (2)
is altered by n subtractions to
|Ψr〉 7→ N aˆn|Ψr〉 = N (λ1αn1 |α1〉+ · · ·+ λrαnr |αr〉) ,
(28)
where 1/N 2 = 〈Ψr|aˆ†naˆn|Ψr〉. If one of the amplitudes
αi is zero, then the DNC of the state is reduced by 1,
otherwise, it remains the same. Especially in Eqs. (8)
and (10), one of the summands vanishes and the DNC
for states with finite Fock expansion reduces by n under
n photon subtractions. For example, the single-photon
state |1〉 with Dncl(|1〉) = 2 is mapped to vacuum state
|0〉 with Dncl(|0〉) = 1 as aˆ|1〉 = |0〉. By contrast to the
n-photon subtraction, the addition adds n to the DNC
of states with a finite Fock expansion; cf. Eq. (26).
D. Discussion
Let us discuss our above findings in some detail. We
studied the behavior of the CF and its relation to the
DNC for states that are defined in finite Fock spaces.
A one-to-one relation between the degree of the polyno-
mial which defines the CF and the DNC was established.
Moreover, as an example, we investigated the impact of
the photon-addition process on the DNC in such a case.
The DNC of states of type (10) is equivalent to the
DNC of the highest contributing Fock state. Let us con-
sider the example
|ψm〉 = |0〉+ λm|m〉
(1 + |λm|2)1/2 , (29)
with λm ∈ C and m > 0. For λm = 0, the state is the
classical vacuum state. For any, even arbitrarily small,
nonzero λm, this state is nonclassical: Dncl(|ψm〉) =
m+ 1. As the DNC reveals whether or not the state
belongs to a set Sn (1 6 n 6 m + 1), the jump from
1 to m + 1—without attaining intermediate values—is
meaningful. It demonstrates a direct quantum transition
between the nested sets S1 and Sm+1 (S1 ⊂ Sm+1) that
correspond to no superposition and m superpositions of
coherent states, respectively. It is also worth mentioning
that |λm| → ∞ for the state |ψm〉 results in the Fock
state |m〉.
A similar discontinuity of the nonclassical depth
τm [15] with respect to changes of the density matrix
was also reported in Ref. [17]. For the state (29) with
λm = 0, the nonclassical depth attains the minimal value
of τm = 0 and it discontinuously jumps to become maxi-
mal, τm = 1, for any other value of λm 6= 0; cf. Ref. [17].
Note that for applications to measured data, such a dis-
continuity is less relevant as the change of the state under
study has to be significant with respect to error bars of
the recorded quantities. Further on, all quantum states
with a finite number-state expansion (except the vacuum
state) have the maximal nonclassicality depth τm = 1
and are, therefore, indistinguishable by this nonclassical-
ity measure. In contrast, the DNC allows for discriminat-
ing two states with different, maximal photon numbers.
For instance, Hillery’s distance-based measure [7] also
clearly distinguishes different Fock states |n〉. Consis-
tently with the DNC, it becomes stronger for larger n val-
ues [9, 25]. However, this trace-norm distance between
two states has also some limitations for quantifying non-
classicality. We can consider two states |ψm〉 and |ψm′〉
of the type (29) which have the same λm = λm′ 6= 0, but
different Fock-state contributions, 0 < m < m′. Both
states have the same trace-norm distance to the vacuum
state |0〉. This leads to the surprising observation that
for λm and λm′ close to zero, both states have almost the
same distance to their closest classical analog. Still, to
this date, the trace distances could not determined ex-
actly for the states |ψm〉 and |ψm′〉. Only bounds have
been given [9] for similar states. The reason for this is-
sue is that the determination of the closest classical state
needs the optimization over an infinite number of vari-
ables [8]. By contrast, their DNCs are directly accessibly
by our method.
The algebraic DNC discerns the amount of nonclassi-
cality of the states |ψm〉 and |ψm′〉. Hence, it is more
sensitive to details of the nonclassicality than the non-
classical depth and more accessible than a distance mea-
sure. Note that in Ref. [14] a general discussion can be
found explaining why certain measures lead to difficulties
for quantifying nonclassicality. In conclusion, the DNC
combines capabilities of the nonclassical depth and the
trace distance measure together with a sensitive charac-
terization of nonclassicality.
Beyond that, the CF can be directly sampled from the
experimental data in balanced homodyne detection [41–
43]. The sampling error grows with exp(|β|2/2) [42]
which is faster than for any polynomial CF. Thus, the re-
gion where the CF is significant is limited. In this region,
6the CF might be approximated by a truncated Taylor se-
ries, which has not necessarily the same polynomial order
as the entire CF. The experimental effort of recording
the CF does not depend on the state under study and,
in particular, does not depend on the maximal photon
number in Eq. (14). In contrast, the number of entries
in the density matrix in Fock basis scales quadratically
with the maximal photon number of the realized state
on top of the above sampling error [44]. The numerical
effort of a state reconstruction is expected to scale corre-
spondingly. This is a clear practical advantage of the CF
method compared with the distance-based measures.
For theoretical investigations of states with a finite
Fock expansion, our above approach is a quite useful tool
which describes the fundamental relation of states, which
are completely described by finite photon number states,
to their amount of nonclassicality. However, the experi-
mental applicability might be limited due to the above-
discussed growth rate of sampling errors. Hence, let us
formulate an additional technique to determine the DNC
from CFs.
IV. CONTINUOUS-VARIABLE
CHARACTERISTIC FUNCTIONS
In the previous section, we discussed the case of poly-
nomial CFs belonging to finite-dimensional systems. An
infinite-dimensional system can produce states with CFs
exceeding the polynomial behavior. In this section, we
study such arbitrary CFs. First, we recall Bochner’s the-
orem [29] for classical statistics. The violation of the
corresponding conditions is interpreted in terms of the
DNC; i.e., nonclassical states have a DNC larger than 1
(cf. [30]). Later on, the lowest-order condition is mod-
ified for higher DNC. We explicitly present our results
for DNC r = 2, . . . , 5 and apply them to some examples.
The method presented in this section is a witnessing-type
approach. That is, it gives experiment-friendly criteria
to ensure a certain amount of nonclassicality.
A. DNC from the growth of the CF
Let us first recall Bochner’s theorem in the form of its
first application in quantum optics [30, 31]. The CF Φ(β)
is the Fourier transform of a classical probability density
Pcl(α) if and only if it satisfies the following properties:
(i) It is normalized [Φ(0) = 1].
(ii) It is Hermitian [∀β ∈ C: Φ(−β) = Φ(β)∗].
(iii) For any non-negative integer N and any set
{β1, . . . , βN} of complex numbers, the matrix
[Φ(βi − βj)]Ni,j=1 is positive semidefinite.
Conditions (i) and (ii) respectively correspond to the
facts that the P function for any quantum state is nor-
malized and real valued [30, 31], which is true for any
state. In contrast, constraint (iii) only holds for classical
states, i.e., such with a non-negative P function. This
last criterion allows for a necessary and sufficient identi-
fication of nonclassical quantum states.
In the following, we refer to the dimension N of the
matrix [Φ(βi − βj)]Ni,j=1 as the order of the classicality
condition (iii). For instance, the violation of the second-
order criterion reads as follows: If there exists a β′ with
|Φ(β′)| > 1, (30)
then the state ρˆ is nonclassical [30]. Note that this is a
sufficient condition. Based on the findings in Ref. [45],
it was shown in Ref. [46] that the nonclassicality condi-
tion (30) is necessary and sufficient for pure states. We
can also read this condition in terms of the DNC as fol-
lows: If the absolute values of the CF of a state ρˆ exceeds
the value at the origin, Φ(0) = 1, then the DNC of this
state exceeds the value of 1:
∃β′ : |Φ(β′)| > Φ(0)⇒ Dncl(ρˆ) > 1. (31)
Now we generalize condition (31) to higher DNCs. In
order to do so, we need to find the maximal modulus of
the CF over the set Sr for each r and any β. In other
words, we determine the values of the functions
χr(β) = sup
|Ψr〉∈Sr
|Φ|Ψr〉(β)|, (32)
where Φ|Ψr〉 defines the CF of the particular state |Ψr〉
[Eq. (2)], for β ∈ C and r > 1. It is important to mention
that the convex structure of states with a DNC of r [cf.
Eq. (4)] implies that the bound χr also applies to all
mixed states in Sr. Clearly, from condition (31), we get
χ1(β) = 1 for r = 1. For r = 2, . . . , 5, we calculated the
bounds χr numerically (see the Appendix), which can
be straightforwardly extended to r > 5. The resulting
functions χr are shown in Fig. 1. Details of the plot are
discussed in the next section.
Let us conclude our findings. The CF conditions for
identifying a DNC read as follows:
Corollary 2 If the absolute value of the CF Φ of the
state ρˆ exceeds the depicted values in Fig. 1 of χr at some
point β′, the DNC of this state ρˆ is larger than r; equiv-
alently,
∃β′ : |Φ(β′)| > χr(β′)⇒ Dncl(ρˆ) > r. (33)
In the continuation of this section, we further analyze our
results and, eventually, apply them to some examples.
B. Numerical results
Let us discuss Fig. 1. At the origin, β = 0, we have
χr(0) = 1 as for any CF holds Φ(0) = 1 [condition (i)].
The different curvatures of χr around the origin (|β| ≈ 0)
can be explained with the squeezed quadrature variances
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FIG. 1. (color online) The maximal values χr(β) of the CF for
different DNCs (from bottom to top: r = 1, . . . , 5). For clar-
ity, we have normalized the graph to the maximally possible
growth exp(|β|2/2) of the CF.
shown by states of type (2); see also Ref. [28]. Around
β ≈ 3.5, the values of the normalized χr tend to be a
constant fraction of the CF of the maximally singular P
function [32], which is given by Φ(β) exp(−|β|2/2) = 1.
Even the value of the plateaus in Fig. 1 can be explained
by having a closer look at the positions of the supre-
mum (32), for which the details can be found in the Ap-
pendix. The asymptotic values of the plateaus in Fig. 1
are listed in Table I. In the limit r → ∞, the bound is
χ∞(β) = exp(|β|2/2), as the general bound of the CF for
arbitrary states is this function and this bound can be
approached by physical states [32]. In other words, the
values of the plateaus in Fig. 1 converge to 1 for r →∞.
Furthermore, the bounds χr solely depend on |β| as a
rotation in phase space (or in the Fourier-transformed
space) is a classical operation. Analogously to the pre-
sented approach, conditions for the DNC can be con-
structed from other nonclassicality conditions; see, e.g.,
Refs. [31, 43].
TABLE I. The asymptotic values of plateaus in Fig. 1,
i.e., the values lim|β|→∞ χr(β)e
−|β|2/2, are listed for different
DNCs (r).
r Plateau
1 0
2 1/2
3 1/
√
2 ≈ 0.7071
4 (1 +
√
5)/4 ≈ 0.8090
5
√
3/2 ≈ 0.8660
...
...
∞ 1
C. Example: squeezed state
To apply our method, let us start with properties of a
pure squeezed vacuum state,
|ξ; 0〉 =
∞∑
n=0
(ei arg(ξ) tanh |ξ|)n
2nn!
√
cosh |ξ|
√
(2n)!|2n〉. (34)
Its DNC is known [25] to be infinite in theory for any
ξ 6= 0. However, it becomes harder to witness this infinite
DNC for decreasing squeezing strengths |ξ| [28] and is
discussed below. For this state, the minimal (squeezed)
and maximal (antisqueezed) variances of the quadrature
operator
xˆ(ϕ) = e−iϕaˆ† + eiϕaˆ (35)
can be given in terms of the squeezing strength as
Vsq = min
ϕ
〈[∆xˆ(ϕ)]2〉 = e−2|ξ|,
Vasq = max
ϕ
〈[∆xˆ(ϕ)]2〉 = e2|ξ|. (36)
Such pure squeezed states are also called minimal uncer-
tainty states since VsqVasq = 1. It is also common to
specify the squeezing S in decibels (dB):
S = 10 log10
min
ϕ
〈[∆xˆ(ϕ)]2〉
〈[∆xˆ(0)]2〉vac = −
20|ξ|
ln(10)
. (37)
For vacuum holds S = 0.
The DNC is independent of the value of the squeezing
parameter ξ. At first sight, this may be counterintuitive
as other measures like the nonclassical depth are |ξ| de-
pendent [15]. Equation (7) holds for any ξ 6= 0, i.e., as
long as all terms of the series (34) contribute to the state.
The weight factors of Fock states in the series (34) con-
verge to zero for n→∞, which is necessary for the series
to be convergent. Any measured state has unavoidably
a finite statistical significance so that only a finite num-
ber of summands in (34) contributes significantly to the
measured data. Such a truncated state is statistically in-
distinguishable from an infinite superposition of number
states. Thus, only a finite DNC can be certified. For
a weakly squeezed state, |ξ|  1, the truncated state is
approximately
|ξ; 0〉 ≈
√
2|0〉+ ξ|2〉√
2 + |ξ|2 , (38)
which is of type (29). Therefore, the maximally certifi-
able amount of nonclassicality is also bounded. In the
case of the here-studied witnessing-based estimation of
the DNC, the limit is due to the statistical significance.
Therefore, a degree of nonclassicality of at least r is en-
sured as long as the violation of the bounds χr(β) is
significant. Also note that such states are used to gen-
erate photon pairs, for more details, see, for instance,
8Refs. [47, 48]. Thus, from the experimental point of
view, the verifiable DNC indeed depends on the squeez-
ing strength; see also Ref. [28].
Beyond pure states, we use a mixed and moderately
squeezed vacuum state ρˆex to demonstrate the applica-
bility of our conditions (33). Such a state was experimen-
tally characterized in Ref. [43]; it exhibits Sex = −4.13 dB
of squeezing and +6.11 dB of antisqueezing. Since the an-
tisqueezing is stronger than the squeezing, the state is not
pure, but it includes some classical noise. For the state
ρˆex, we can prove Dncl(ρˆex) > 3; see Fig. 2. It is worth
pointing out that this result is in agreement with the
boundaries for the squeezing strength given in Ref. [28]:
S3 = −5.91 dB < Sex = −4.13 dB < −3.54 dB = S2.
(39)
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FIG. 2. (color online) For the state ρˆex from Ref. [43],
the squeezed (solid curve) direction of the CF is shown,
maxϕ |Φ(βeiϕ)|. It exceeds the boundary χ2(β) (dots), prov-
ing the DNC of this state to be at least three. Moreover, it is
upper bounded by χ3(β) (crosses).
D. Example: squeezed state with vacuum
Now let us show how quantum superpositions can in-
fluence the quadrature variances and the quantification
of nonclassicality. For this reason, we consider a second
example which is a superposition of vacuum state and
squeezed vacuum state,
|ψ〉 = N (|0〉+ λ|ξ; 0〉), (40)
with ξ being the complex-valued squeezing parameter
and N the normalization constant. Its CF reads
Φ(β) = N 2
(
1 +
λ∗√
µ
e−β
2ν∗/(2µ) +
λ√
µ
e−β
∗2ν/(2µ)
+ |λ|2e|β|2/2−|µβ+νβ∗|2/2
)
. (41)
Here we used the typical parametrization where µ =
cosh |ξ| and ν = ei arg ξ sinh |ξ|. The normalization con-
stant is N 2 = [1 + (λ + λ∗)/√µ + |λ|2]−1. For specific
parameters, e.g., ξ = −0.562 and λ = −1.4, the state |ψ〉
shows quadrature variances above the vacuum level for
all phases:
〈[∆xˆ(ϕ)]2〉 > 1 ∀ϕ or min
ϕ
〈[∆xˆ(ϕ)]2〉 ≈ 1.0006. (42)
So the previously considered squeezing conditions [28]
cannot identify the nonclassicality of the state. Fig-
ure 3 displays the maximally growing direction of the
CF (maxϕ |Φ(βeiϕ)|) of the state (40). It shows no vio-
lation of classicality for |β|1. For larger values of β the
CF exceeds χ2(β), which directly proves that
Dncl(|ψ〉) > 3. (43)
Our criteria in terms of CFs use more information than
just the squeezing level. Thus, they can outperform the
previously considered quadrature-variance-based condi-
tions.
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FIG. 3. (color online) For ξ = −0.562 (or S = −4.88 dB) and
λ = −1.4 the state (40) shows no squeezing (42) (solid curve).
The curve for |β|  1 is even below the classical limit χ1(β).
However, our CF criterion proves the DNC of this state to
be bigger than two since its CF even exceeds the boundary
χ2(β) for larger |β| values.
Another way to combine states is a classical mixture,
here, of vacuum and squeezed vacuum states,
ρˆ =
1
1 + |λ|2 (|0〉〈0|+ |λ|
2|ξ; 0〉〈ξ; 0|). (44)
The CF of such mixtures reads as
Φ(β) =
1
1 + |λ|2
(
1 + |λ|2e|β|2/2−|µβ+νβ∗|2/2
)
. (45)
For λ = 0, the mixture becomes a pure vacuum state
and for λ → ∞ a pure squeezed state. By definition,
9the state depends only on the absolute value of λ and
not on its phase. In comparison to the state in Eq. (40),
the state (44) has no quantum interferences between the
classical vacuum state and the squeezed one.
Figure 4 shows the maximally growing direction of the
CF [maxϕ |Φ(βeiϕ)|] of the states (44) for different weight
factors λ. The verifiable DNC of these states depends on
the value of this weight factor. We used the same squeez-
ing parameter ξ = −0.562 as in Fig. 3. For λ close to
zero (ρˆ close to vacuum state), the CF exceeds only the
boundary χ1(β). For λ = −1.4, the CF shows a differ-
ent behavior to that of state (40). It exceeds only χ1(β)
and not χ2(β) (dotted line). So, only Dncl(ρˆ) > 2 can be
verified. The value |λ| ≈ 2.2 is roughly the threshold for
proving Dncl(ρˆ) > 3 by crossing χ2(β). For the mixture
with λ = 4 and for the pure squeezed state (λ = ∞),
Dncl(ρˆ) > 3 is proven. With decreasing contribution of
the squeezed state, i.e., for decreasing |λ|, the certified
DNC also decreases. In fact for λ→ 0, the state (44) con-
verges to the vacuum state and detecting a DNC larger
than one becomes more and more difficult. Note that we
have a DNC of one for the vacuum state itself.
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FIG. 4. (color online) For the squeezing parameter ξ =
−0.562 and |λ| = 0.2, 1.4, 2.2, 4,∞ (solid curves from left
to right), the CFs of the mixture (44) are shown. For
0 < |λ| < 2.2, a DNC of at least two can be proven, as
the limit χ1(β) (dashed line) is exceeded. For |λ| & 2.2, also
a DNC of at least three can be verified since χ2(β) (dotted
line) is surpassed. The inset magnifies the region close to the
origin, β = 0.
Comparing both examples, we can see that quantum
superpositions can, similarly to classical mixtures, reduce
the quadrature variance. However, the case of a super-
position also has the capability to preserve or—for other
types of states—even increase the DNC. Conversely, the
mixture with a classical state is a classical operation and
therefore does not have this potential. The contribution
of the superposition terms allows us to prove higher DNC
for state (40) compared with state (44) for the considered
parameters ξ and λ. This comparison of the superposi-
tion and the mixture of a squeezed state with vacuum
also highlights the general impact of quantum superpo-
sitions, which we use for our quantification technique.
V. SUMMARY AND CONCLUSIONS
In summary, we studied the relation between the char-
acteristic function and the amount of nonclassicality.
Two approaches have been pursued. First, a complete
analysis of polynomial characteristic functions has been
performed analytically. We have shown that they always
correspond to states which have a finite Fock-state ex-
pansion. Most importantly, the degree of the polynomial
directly connects to the degree of nonclassicality of the
state under study. In this context, we also investigated
the impact of photon-addition protocols on the amount
of nonclassicality in such a case.
Our second approach applies to arbitrary characteris-
tic functions. We numerically computed the bounds of
the characteristic function with a given degree of nonclas-
sicality. If these bounds are exceeded by experimentally
measured characteristic functions, then this state has the
degree of nonclassicality which is larger than given by
that bound. We applied this criterion to squeezed states
and discussed the relation to a previously considered
quadrature-witness approach. For a superposition of vac-
uum with a squeezed state, which does not show squeez-
ing, we could even show that our condition is stronger
than the quadrature-based method. As the character-
istic function can be directly sampled from balanced-
homodyne-detection data, our criteria present a directly
applicable approach to quantify the amount of nonclas-
sicality of light fields generated in experiments. It is also
worth pointing out that the degree of nonclassicality can
be directly mapped onto the amount of entanglement re-
alized in the output ports of a passive optical device [25].
Our chosen quantifier—the degree of nonclassicality—
was discussed in relation to other measures and its deeper
connection to the quantum superposition principle was
highlighted. We explained how discontinuities link to
transitions between different levels of quantum superpo-
sitions to enlarged alphabets for information encoding.
While our first approach results in an exact analysis of
the degree of nonclassicality, the second, measurement-
friendly technique certifies the usable amount of nonclas-
sicality of an experimentally realized state.
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Appendix: Numerical solution and additional
discussions
First, let us discuss the case r = 2. General superpo-
sitions,
|Ψ2〉 = N (λ1|α1〉+ λ2|α2〉, (A.1)
are parametrized by eight real-valued (four complex-
valued) variables (λ1, λ2, α1, α2 ∈ C). As the global
phase plays no role, there are still seven real variables.
Hence, we need to find the optimum over the set R7.
Since the DNC is conserved under displacement [25], we
can set one of the coherent states to vacuum, α1 = 0,
and the other coherent amplitude to α2 − α1 = α. Via a
rescaling of the normalization constant N , we can choose
λ1 = 1, λ2/λ1 = λ. Now only four real variables are left
for the optimization,
|Ψ2〉 = N (|0〉+ λ|α〉), (A.2)
Such transformations allow us to simplify the dimension
of the optimization problem from R8 to R4. Analogously,
for DNC r, the number of (real-valued) variables can be
reduced from 4r to 4(r − 1) for reducing the complexity
of the numerics.
The optimization over the states (2),
χr(β) = max
[Re(λ2),...,Im(λr),
Re(α2),...,Im(αr)]
T∈R4(r−1)
|Φ|Ψr〉(β)|, (A.3)
was performed by an iterative search routine that de-
termines the root of the gradient by the gradient ascent
method. The starting points for the iteration were set
randomly and multiple runs have been executed to en-
sure the stability of our technique. We used about 24(r−1)
starting points for each value of β to ensure roughly one
starting point per signs configuration of the real-valued
parameters. Based on this proceeding, we determined
the desired values of χr(β).
For each r and specified value of β, the states of
type (2), leading to the maximal value of the CF, were
calculated; i.e., the values (λ2, . . . , λr, α2, . . . , αr) were
determined. The formal structure of these states is given
in Table II. The weight factors λi were nearly constant in
the investigated interval |β| ∈ [0.05, 5]. The optimal co-
herent amplitudes αi have been found to reveal a specific,
interesting structure(Table II). Further, they depend on
β as shown in Fig. 5.
From Fig. 5, we can see that there are two asymp-
totic regions. For β → 0, the value of α does not change
strongly. Thus, in this region, the state |Ψr〉 is nearly
constant. As described later on, the resulting χr(β) can
be explained with quadrature variances below vacuum
level which belong to the states |Ψr〉. The other asymp-
totic regime which is discussed is β  1, which is repre-
sented by the curve α = β.
TABLE II. The structure of the states that produce the high-
est values of CF is listed for r = 2, . . . , 5. For the slightly vary-
ing weight factors, the closed-form approximations reproduc-
ing the values of the plateaus in Fig. 1 are given. The coherent
amplitudes are equidistantly distributed but depend on β as
shown in Fig. 5.
DNC State
r = 2 |Ψ2〉 = N (|0〉+ |α〉)
r = 3 |Ψ3〉 = N (|0〉+
√
2|α〉+ |2α〉)
r = 4 |Ψ4〉 = N (|0〉+ 1+
√
5
2
|α〉+ 1+
√
5
2
|2α〉+ |3α〉)
r = 5 |Ψ5〉 = N (|0〉+
√
3|α〉+ 2|2α〉+√3|3α〉+ |4α〉)
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FIG. 5. (color online) The position α of the maximum of
the CF for the DNC from top to bottom: r = 2, . . . , 5. The
dashed line shows the asymptote α = β.
Case |β|  1
For |β| close to zero, the bounds do not change strongly
as shown in Fig. 5. Therefore, we can approximate
χr(β) with a finite Taylor expansion. The same holds
true for the CF of the state that yields this bound,
χr(β) = |Φ(β)|. That is, the CF can be described by
the Taylor series around the point β=0,
Φ(β) =
∞∑
k,l=0
∂kβ∂
l
β∗Φ(β)
∣∣∣
β=0
βkβ∗l
k!l!
. (A.4)
The values of the derivatives at β=0 are connected with
the moments of the P function,
∂kβ∂
l
β∗Φ(β)
∣∣∣
β=0
= (−1)l〈aˆ†kaˆl〉 (A.5)
(see also Sec. III B). For |β|  1, the functions χr(β) =
|Φ(β)|, using the CF of the optimal state, can be approx-
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imated by low-order Taylor polynomials:
Φ(β) = 1−〈aˆ〉β∗ + 〈aˆ†〉β
+
〈aˆ†2〉
2
β2 − 〈aˆ†aˆ〉|β|2 + 〈aˆ
2〉
2
β∗2 +O(|β|3)
= 1 + i|β|〈xˆ[arg(−iβ)]〉
+
(i|β|)2
2
〈:{xˆ[arg(−iβ)]}2:〉+O(|β|3). (A.6)
The previously studied witnessing condition for
quadrature squeezing needs only moments up to second
order [28]. There, the quantification was studied in terms
of minimal quadrature variances. The bounds,
inf
|Ψr〉∈Sr
min
ϕ
〈Ψr|:[∆xˆ(ϕ)]2:|Ψr〉 = exp(−2|ξr|), (A.7)
were calculated for the squeezed quadrature variances (or
squeezing parameters ξr); see Ref. [28]. The conditions
for DNC in terms of squeezed variances reads:
min
ϕ
Tr{ρˆ[∆xˆ(ϕ)]2} < e−2|ξr| ⇒ Dncl(ρˆ) > r. (A.8)
For small |β|, Fig. 6 shows—as expected in the
given second-order approximation—a good agreement of
squeezing curves for ξr and the dots give the values
of χr(β). However, we clearly observe deviations for
|β| & 0.3 and the estimated χr(β) cannot be solely ex-
plained with second-order moments. Similarly in Fig. 5,
around the same value β ≈ 0.3, the position α of maxi-
mum χr(β) starts to change with β.
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FIG. 6. (color online) Solid lines are calculated from maximal
squeezing parameters ξr for DNC r = 2, . . . , 5 (from left to
right) given in Ref. [28]. For comparison, the dots are the
values of χr(β). For small |β|, they coincide. For larger |β|
values, higher-order moments start to be relevant and results
start to differ.
Case |β|  1
In order to understand the result for large coherent
amplitudes |β|, in particular the plateaus in Fig. 1, we
take a closer look at Φ(β) for a normalized pure state
with a DNC of r:
e−|β|
2/2Φ(β) (A.9)
=
r∑
k,l=1
λ∗kλle
βα∗k−β∗αl+α∗kαl−(|αk|2+|αl|2+|β|2)/2
r∑
k,l=1
λ∗kλle
−|αk|2/2−|αl|2/2+α∗kαl
.
The exponent in the numerator has the real part −|β −
(αk − αl)|2/2 and the imaginary part [β(αk + αl)∗ −
β∗(αk + αl)]/2 + (α∗kαl − αkα∗l )/2. The latter changes
only the phase of the summands but not their absolute
values.
As the case r = 1 is trivial, we start with the case r =
2. After the simplifications which are described at the
beginning of this Appendix, the CF for the state (A.2)
obeys
Φ(β) =e|β|
2/2
[
(1 + |λ|2e2iϕ)e−|β|2/2
1 + (λ+ λ∗)e−|α|2/2 + |λ|2
+
eiϕ(λ∗e−|α−β|
2/2 + λe−|α+β|
2/2)
1 + (λ+ λ∗)e−|α|2/2 + |λ|2
]
,
(A.10)
with ϕ = (βα∗ − β∗α)/(2i). For |β|  1, the numerator
of the first fraction is almost zero, but the numerator
of the second one can have larger values. For α = ±β,
one of the terms exp(−|α ∓ β|2/2) becomes 1. Let us
consider the case α = β, i.e., α− β = 0 and α+ β = 2β.
A slight perturbation of α would significantly influence
exp(−|α−β|2/2), whereas exp(−|α+β|2/2) is still almost
zero. If we set α ≈ 0 [α = 0 is forbidden by definition in
Eq. (2)], both summands become roughly exp(−|β|2/2);
hence, they are close to zero. The case λ = −1, α → 0
corresponds to Fock state |1〉 (cf. [25]). Thus, the only
way to maximize the sum is setting α = ±β, which yields
the first plateau in Table I.
For a given r = r′, we similarly assume that α1, . . . , αr′
fulfill αk −αk−1 = β for k = 2, . . . , r′. For r = r′ + 1, we
have to set αr′+1. Again, with similar arguments as in
the case r = 2, αr′+1 = αr′+β (or αr′+1 = α1−β) is the
optimal choice of the value of αr′+1 in Eq. (A.9). For such
a choice, we get αk − αl = (k − l)β. This choice leads to
almost orthogonal states 〈αk|αl〉  1 (k 6= l) for |β|  1.
For this reason, the denominator in Eq. (A.9) can be
replaced by the single sum over k = l. Only a part of the
numerator terms is not damped by exp(−|β|2/2), these
with αk − αl = β. The quotient of these constant terms
and the denominator leads to the value of the plateaus
in Fig. 1.
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